
Lycée Carnot Feuille de calcul : équations linéaires dans les espaces vectoriels de référence E2A

1 Exercices

Exercice 1 : Résoudre les équations suivantes, d’inconnue (x, y) ∈ R2.

1. x(1, 3) + y(−2, 5) = 0R2 2. x(1, 3) + y(−2, 5) = (3, 3) 3. x(2, 4) + y(6, 12) = 0R2

Exercice 2 : Résoudre les équations suivantes, d’inconnue (x, y, z) ∈ R3.
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2. à venir. . .

Exercice 3 :(Commutant) Résoudre les équations suivantes, d’inconnue M ∈ M2(R).

1. AM = MA où A = (2 0
0 0) 2. AM = MA où A = (2 0

0 3) 3. AM = MA où A = ( 2 −1
−2 3 )

Exercice 4 : Résoudre les équations suivantes, d’inconnue P (X) ∈ R2[X].

1. P (X) = P (−X)

2. P (X) = −P (−X)

3. XP
′(X) = 4P (X)

4. P (X + 1) − P (X − 1) = 0R2[X]

5. P (X) + P
′(X) = 0R2[X]
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2 Réponses courtes

Réponses de l’exercice 1 : On note S l’ensemble des solutions.

1. S = {(0, 0)} = {0R2} 2. S = {( 21
11 ,− 6

11)} 3. S = Vect ((−3, 1))

Réponses de l’exercice 2 : On note S l’ensemble des solutions.

1. S = {( 19
5 ,−2,− 1

5)}

Réponses de l’exercice 3 : On note S l’ensemble des solutions.

1. S = Vect ((1 0
0 0) , (0 0

0 1)) 2. S = Vect ((1 0
0 0) , (0 0

0 1)) 3. S = Vect ((1 1
2 0) , (1 0

0 1))

Réponses de l’exercice 4 : On note S l’ensemble des solutions.

1. S = Vect (X
2
, 1)

2. S = Vect (X)

3. S = {0R2[X]}

4. S = Vect (1)

5. S = {0R2[X]}
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3 Corrections détaillées

Correction détaillée de l’exercice 1 : On note S l’ensemble des solutions.
1. Soit (x, y) ∈ R2.

x(1, 3) + y(−2, 5) = 0R2 ⟺ (x − 2y, 3x + 5y) = 0R2

⟺ { x − 2y = 0
3x + 5y = 0

⟺ { x − 2y = 0
11y = 0 L2 ← L2 − 3L1

⟺ { 11x = 0 L1 ← 11L1 + 2L2
11y = 0

⟺ x = y = 0

D’où S = {(0, 0)} = {0R2}.

2. Soit (x, y) ∈ R2.

x(1, 3) + y(−2, 5) = (3, 3) ⟺ (x − 2y, 3x + 5y) = (3, 3)

⟺ { x − 2y = 3
3x + 5y = 3

⟺ { x − 2y = 3
11y = −6 L2 ← L2 − 3L1

⟺ { 11x = 21 L1 ← 11L1 + 2L2
11y = −6

⟺ { x =
21
11

y = − 6
11

D’où S = {( 21
11 ,− 6

11)}.

3. Soit (x, y) ∈ R2.

x(2, 4) + y(6, 12) = 0R2 ⟺ (2x + 6y, 4x + 12y) = 0R2

⟺ { 2x + 6y = 0
4x + 12y = 0

⟺ {
x + 3y = 0 L1 ←

1
2 L1

x + 3y = 0 L2 ←
1
4 L2

⟺ x + 3y = 0
⟺ x = −3y

D’où

S = {(x, y) ∈ R2 ∣ x = −3y}
= {(−3y, y) ∈ R2 ∣ y ∈ R}
= {y(−3, 1) ∈ R2 ∣ y ∈ R}
= Vect ((−3, 1))
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Correction détaillée de l’exercice 2 : On note S l’ensemble des solutions.
1. Soit (x, y, z) ∈ R3.

x
⎛
⎜⎜
⎝

1
1
1

⎞
⎟⎟
⎠
+ y

⎛
⎜⎜
⎝

2
3
0

⎞
⎟⎟
⎠
+ z

⎛
⎜⎜
⎝

−1
0
4

⎞
⎟⎟
⎠
=

⎛
⎜⎜
⎝

0
−2
3

⎞
⎟⎟
⎠
⟺

⎛
⎜⎜
⎝

x + 2y − z
x + 3y
x + 4z

⎞
⎟⎟
⎠
=

⎛
⎜⎜
⎝

0
−2
3

⎞
⎟⎟
⎠

⟺

⎧⎪⎪⎪⎨⎪⎪⎪⎩

x + 2y − z = 0
x + 3y = −2
x + 4z = 3

⟺

⎧⎪⎪⎪⎨⎪⎪⎪⎩

x + 2y − z = 0
y = −2 L2 ← L2 − L1

− 2y + 5z = 3 L3 ← L3 − L1

⟺

⎧⎪⎪⎪⎨⎪⎪⎪⎩

x + 2y − z = 0
y = −2

5z = −1 L3 ← L3 + 2L2

⟺

⎧⎪⎪⎪⎨⎪⎪⎪⎩

5x + 10y = −1 L1 ← 5L1 + L3
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⎧⎪⎪⎪⎨⎪⎪⎪⎩
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5

D’où S = {( 19
5 ,−2,− 1

5)}.

Correction détaillée de l’exercice 3 : On note S l’ensemble des solutions.

1. Soit M = (a b
c d

) ∈ M2(R).

AM = MA ⟺ (2 0
0 0) (a b

c d
) = (a b

c d
) (2 0

0 0)

⟺ (2a 2b
0 0 ) = (2a 0

2c 0)

⟺ ( 0 2b
−2c 0 ) = 0M2(R)

⟺ { 2b = 0
−2c = 0

⟺ b = c = 0

D’où

S = {(a b
c d

) ∈ M2(R) ∣ b = c = 0}

= {(a 0
0 d

) ∈ M2(R) ∣ (a, d) ∈ R2}

= {a (1 0
0 0) + d (0 0

0 1) ∈ M2(R) ∣ (a, d) ∈ R2}

= Vect ((1 0
0 0) , (0 0

0 1))
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2. Soit M = (a b
c d

) ∈ M2(R).

AM = MA ⟺ (2 0
0 3) (a b

c d
) = (a b

c d
) (2 0

0 3)

⟺ (2a 2b
3c 3d

) = (2a 3b
2c 3d

)

⟺ (0 −b
c 0 ) = 0M2(R)

⟺ { −b = 0
c = 0

⟺ b = c = 0

D’où

S = {(a b
c d

) ∈ M2(R) ∣ b = c = 0}

= {(a 0
0 d

) ∈ M2(R) ∣ (a, d) ∈ R2}

= {a (1 0
0 0) + d (0 0

0 1) ∈ M2(R) ∣ (a, d) ∈ R2}

= Vect ((1 0
0 0) , (0 0

0 1))
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3. Soit M = (a b
c d

) ∈ M2(R).

AM = MA ⟺ ( 2 −1
−2 3 ) (a b

c d
) = (a b

c d
) ( 2 −1
−2 3 )

⟺ ( 2a − c 2b − d
−2a + 3c −2b + 3d

) = (2a − 2b −a + 3b
2c − 2d −c + 3d

)

⟺ ( 2b − c a − b − d
−2a + c + 2d −2b + c

) = 0M2(R)

⟺

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

a − b − d = 0
−2a + c + 2d = 0

2b − c = 0
− 2b + c = 0

⟺

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

a − b − d = 0
− 2b + c = 0 L2 ← L2 + 2L1

2b − c = 0
− 2b + c = 0

⟺

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

a − b − d = 0
− 2b + c = 0

0 = 0 L3 ← L3 + L2
0 = 0 L4 ← L4 − L2

⟺ { a − b − d = 0
− 2b + c = 0

⟺ { a − b = d
− 2b = −c

(Il faut 2 variables auxiliaires :
on choisit c et d)

⟺ { a − b = d
2b = c

⟺ { 2a = 2d + c L1 ← 2L1 + L2
2b = c

⟺ { a = d + 1
2 c

b =
1
2 c

D’où

S = {(a b
c d

) ∈ M2(R) ∣ a = d +
1
2c, b =

1
2c}

= {(d + 1
2 c 1

2 c

c d
) ∈ M2(R) ∣ (c, d) ∈ R2}

(On retrouve nos 2 variables auxiliaires à
droite : aucune condition ne porte sur elles,
donc elles varient chacune dans R)

= {c (
1
2

1
2

1 0) + d (1 0
0 1) ∈ M2(R) ∣ (c, d) ∈ R2}

= Vect ((
1
2

1
2

1 0) , (1 0
0 1))

= Vect ((1 1
2 0) , (1 0

0 1)) (En multipliant la première matrice par 2)

Correction détaillée de l’exercice 4 : On note S l’ensemble des solutions.
1. Soit P (X) = aX

2 + bX + c ∈ R2[X].

P (X) = P (−X) ⟺ aX
2
+ bX + c = aX

2
− bX + c

⟺ 2bX = 0R2[X]
⟺ 2b = 0
⟺ b = 0
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D’où

S = {aX
2
+ bX + c ∈ R2[X] ∣ b = 0}

= {aX
2
+ c ∈ R2[X] ∣ (a, c) ∈ R2}

= Vect (X
2
, 1)

2. Soit P (X) = aX
2 + bX + c ∈ R2[X].

P (X) = −P (−X) ⟺ aX
2
+ bX + c = −(aX

2
− bX + c)

⟺ aX
2
+ bX + c = −aX

2
+ bX − c

⟺ 2aX
2
+ 2c = 0R2[X]

⟺ { 2a = 0
2c = 0

⟺ a = c = 0

D’où

S = {aX
2
+ bX + c ∈ R2[X] ∣ a = c = 0}

= {bX ∈ R2[X] ∣ b ∈ R}
= Vect (X)

3. Soit P (X) = aX
2 + bX + c ∈ R2[X].

XP
′(X) = 4P (X) ⟺ X(2aX + b) = 4(aX

2
+ bX + c)

⟺ 2aX
2
+ bX = 4aX

2
+ 4bX + 4c

⟺ 2aX
2
+ 3bX + 4c = 0R2[X]

⟺

⎧⎪⎪⎪⎨⎪⎪⎪⎩

2a = 0
3b = 0

4c = 0
⟺ a = b = c = 0

D’où S = {0R2[X]}.

4. Soit P (X) = aX
2 + bX + c ∈ R2[X].

P (X + 1) − P (X − 1) = 0R2[X] ⟺ a(X + 1)2
+ b(X + 1) + c − (a(X − 1)2

+ b(X − 1) + c) = 0R2[X]

⟺ aX
2
+ (2a + b)X + (a + b + c) − (aX

2
+ (−2a + b)X + (a − b + c)) = 0R2[X]

⟺ 4aX + 2b = 0R2[X]

⟺ { 4a = 0
2b = 0

⟺ a = b = 0

D’où

S = {aX
2
+ bX + c ∈ R2[X] ∣ a = b = 0}

= {c ∈ R2[X] ∣ c ∈ R}
= Vect (1)
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5. Soit P (X) = aX
2 + bX + c ∈ R2[X].

P (X) + P
′(X) = 0R2[X] ⟺ (aX

2
+ bX + c) + (2aX + b) = 0R2[X]

⟺ aX
2
+ (2a + b)X + (b + c) = 0R2[X]

⟺

⎧⎪⎪⎪⎨⎪⎪⎪⎩

a = 0
2a + b = 0

b + c = 0

⟺

⎧⎪⎪⎪⎨⎪⎪⎪⎩

a = 0
b = 0 L2 ← L2 − 2L1
b + c = 0

⟺

⎧⎪⎪⎪⎨⎪⎪⎪⎩

a = 0
b = 0

c = 0 L3 ← L3 − L2

⟺ a = b = c = 0

D’où S = {0R2[X]}.
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